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Abstract: 
In atom probe tomography (APT), accurate reconstruction of the spatial positions of field 
evaporated ions from measured detector patterns depends upon a correct understanding of the 
dynamic tip shape evolution and evaporation laws of component atoms. Artifacts in APT 
reconstructions of heterogeneous materials can be attributed to the assumption of homogeneous 
evaporation of all the elements in the material in addition to the assumption of a steady state 
hemispherical dynamic tip shape evolution. A level set method based specimen shape evolution 
model is developed in this study to simulate the evaporation of synthetic layered-structured APT 
tips. The simulation results of the shape evolution by the level set model qualitatively agree with 
the finite element method and the literature data using the finite difference method. The 
asymmetric evolving shape predicted by the level set model demonstrates the complex 
evaporation behavior of heterogeneous tip and the interface curvature can potentially lead to the 
artifacts in the APT reconstruction of such materials. Compared with other APT simulation 
methods, the new method provides smoother interface representation with the aid of the intrinsic 
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sub-grid accuracy. Two evaporation models (linear and exponential evaporation laws) are 
implemented in the level set simulations and the effect of evaporation laws on the tip shape 
evolution is also presented. 
 
Keywords: atom probe tomography, field evaporation, evaporation model, tip shape evolution, 
level set, interface tracking  
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Introduction 
Atom probe tomography (APT) is widely used for nanoscale 3D compositional 
characterization of a variety of materials ranging from metals and alloys [1-7], dielectrics[8, 9], 
semiconductors[10, 11] to biological[12, 13] and geological materials[14].  The past decade has 
seen a dramatic development of APT instrumentation/data collection and sample preparation 
methods [15]. On the data collection front, local electrode and laser pulsing have been introduced 
widening the application of APT beyond conductive materials. On the sample preparation front, 
focused ion beam (FIB) based site specific sample preparation methods have been introduced 
[16-18] permitting a better control of region selection for APT analysis as well as facilitating 
APT specimen preparation of nonconductive materials. However a new challenge surfaces when 
the material systems analyzed by APT expand from homogeneous metallic system to 
heterogeneous materials: the traditional APT data reconstruction protocol introduces artifacts due 
to the underlying assumption of uniform and isotropic evaporation.  
The APT data reconstruction process is influenced by two distinct physical events that 
occur during APT analysis: field evaporation of the ions from the surface of an APT sample and 
projection of these evaporated ions to a position sensitive detector. This work will focus on the 
first step (evaporation process) which is a complex function of atom properties, atomic 
environment and emitter geometry. Traditional APT reconstruction algorithm for generating the 
3D atomic position from the detector positions of ions is limited by the assumptions of 
homogeneous structure, uniform evaporation rate for different components and specific tip 
geometry [19].  The currently used reconstruction algorithm is modified from the method 
proposed by Bas et al. [19], and it is based on the assumption that the tip maintains a  constant 
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hemispherical shape during evaporation [20]. The apparent field strength F at the apex is 
determined by an approximation solution [21]:  
𝐹𝐹 = U
k∙r
        (0) 
where U is the applied voltage, r is the radius of curvature and the empirical parameter k is the 
geometric factor/field factor accounting for the influence of the shaft and the geometry of the 
surrounding vacuum chamber [22]. During APT analysis to keep the ion detection rate constant, 
the applied voltage will be adjusted according to the increase in tip radius with evaporation. 
Using a simplified geometry model with the assumption of uniform hemispherical tip shape 
evolution, analytical solutions of the geometric factor has been derived in several models. These 
reconstruction protocols with analytical solutions of emitter evaporation and point projection 
have been applied in currently available data analysis tools. Generally, the analysis results agree 
well with simulation results and experimental data validated by other instrumentation. However, 
this is not always the case in a heterogeneous system consisting of phases with different 
evaporation behavior. For most complex materials systems, the traditional reconstruction method 
will create global distortions in the final reconstructed data due to the magnification artifacts, 
which is mainly caused by the evaporation induced non-uniform apex shapes. Understanding 
such artifacts and improving the data analysis to account for such effects is very important to the 
further successful application of APT. 
One exemplary illustration of the local magnification due to the heterogeneity is in the 
case of MgO embedded with gold particles [23, 24]. Before evaporation, the APT needle sample 
has a smooth surface with gold particles embedded in the MgO matrix. After the evaporation, 
gold nanoparticles protrude out at the surface due to the slow evaporation rate, in contrast to the 
MgO matrix. In these experiments, the 3-D reconstruction analysis was carried out with the 
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assumptions described above and the complex nature of the surface due to the Au particle 
protrusion from the surface contributes to trajectory aberrations.  There has also been past 
experimental evidence provided by performing TEM imaging after interrupted APT analysis of 
multilayer samples highlighting the non-hemispherical tip geometry changes during the 
evaporation of layers with differing evaporation fields[25]. Recent APT-TEM correlation results 
on vertical Si-SiO2 interfaces also highlight the non-hemispherical tip shape evolution during 
APT analysis of heterogeneous materials[26]. In addition to the experimental evidence, a number 
of simulation efforts has been focused on the evaporation of hemispherical APT tips consisting 
of layers or precipitates with varying evaporation fields [27-31]. 
To take full advantage of the high resolution inherited in atom probe tomography, a new 
efficient and accurate tip evaporation model is crucial for next generation atomic structure 
reconstruction software [25, 32-35]. In most tip evaporation models, finite difference or finite 
element models with atomic lattice structure is used to simulate the geometric tip evaporation 
and the following trajectory projection.  Larson et al. [36] used a finite difference method to 
simulate the dynamic tip shape evolution during evaporation of a multilayer-structured tip, where 
each layer material had different evaporation field strength. Three different initial APT tip 
geometries were considered including two conditions where the interface between a high 
evaporation field layer material and low evaporation field material layer was considered 
perpendicular to the axis of the tip and one case where the interface between the same layers 
were considered to be parallel to the axis of the APT sample. In all three simulation cases, the 
interface structures in the reconstructed data were distorted due to non-hemispherical tip shape 
evolution during evaporation. This necessitated additional corrections to be imposed on the 
standard reconstruction protocol in order to obtain an accurate interface definition representative 
6 
 
of the initial stage of the APT tip. There have also been finite element simulations aimed at 
understanding evaporation of heterogeneous composite materials consisting of nanoscale 
precipitates with widely different evaporation field compared to the matrix [37-39]. Pseudo 3D 
simulation models with revolution axisymmetric geometry have also been developed to reduce 
the computational expense [40-42]. Due to the large size of the sample compared with the atomic 
lattice and the size of APT chamber compared with the tip, the simulation can be extremely 
computationally expensive. To make it affordable in most models, the tip size is shrunk and the 
distance between the electrode and tip is shortened, where computationally efficient models are 
needed to overcome these difficulties. 
To improve the computational efficiency, numerical simulations require more efficient 
approaches. In the last several decades, level set, phase field and many other interface tracking 
methods have been widely applied to solve the dynamic moving interfaces. Examples are the 
application of the phase field and level set methods to simulate solute precipitation/dissolution 
problem with evolving solid–liquid interfaces [43-46] and solid-solid interfaces [47-49]. Both 
methods have subgrid scale accuracy through linear interpolation such that the interface can be 
more accurately represented while interface normals and curvature can be also conveniently 
calculated. The phase-field approach does not require explicit computing of the moving interface 
so that numerical difficulties associated with the moving interface are avoided and no explicit 
interface tracking is required. However, phase field approach requires a complex asymptotic 
analysis in order to find the relation between parameters of the sharp-interface model and the 
phase field model [50, 51]. A level set approach does not require such an asymptotic analysis and 
can naturally handle the discontinuities at the interface through explicit interface tracking. Haley 
et al. [52] have applied level set method for modeling homogeneous tip evaporation where 
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curvature drive flow was used to mimic the tip evolution. In this study, the level set method is 
used to simulate the field evaporation of heterogeneous specimen coupling with a simultaneously 
updated full Poisson solution for electric potential field.  
 
METHODS DESCRIPTION 
To validate the level set model developed for APT specimen evaporation, we compared the 
results with simulation results from the finite element and the finite difference method. Both 
methods solve the Poisson equation to retrieve potential field and local electric field, and then 
implement an evaporation process. The process is then iterated until stopped at a preset critical 
value of either tip height or evaporated ion volume/number.  
 
Description of Level Set Method 
 In our approach, a level set based evaporation model is developed to simulate the 
evolution of tip surface morphology during the evaporation of multi-layered heterogeneous 
materials. Current evaporation models for APT utilize finite difference or finite element methods 
where the staircase representation is commonly used to describe the tip surface. The accuracy of 
tip geometry cannot be higher than the resolution of grid cell. Such methods are also not 
straightforward when the interface curvature and normals are involved in the calculation for 
atomic evaporation.  
The level set method was originally introduced for solving multiphase flow problems 
involving dynamic and complex interface evolution between two phases. Historically these 
“moving boundary and/or interface” problems have been very challenging from a computational 
point of view. Level set methods [53] are based on the tracking or capturing of sharp interfaces, 
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while complex geometries and morphology changes can be handled efficiently. They have been 
applied to interface tracking in the areas of computational fluid dynamics and fracture 
propagation in the framework of extended finite element method. For simulation of field 
evaporation, we use level set method to investigate the dynamic evolution of the interface 
between two distinct phases, namely the vacuum phase and the material phases. A continuous 
level set function ϕ(x) is introduced in this model. The zero-level of the level set function 
denotes the exact position of the interface between vacuum and material phases, i.e.  
( ){ }, 0tφΓ = =x x        (0)    
where level set function ϕ is defined as a signed distance from the interface Γ, (positive in 
vacuum phase and negative in the material phase.  The interface Γ is implicitly represented by 
the zero-level of level set field. The evolution of entire level set field is numerically computed 
based on hyperbolic conservation laws,  
0
t
φ φ∂ + ⋅∇ =
∂
V        (0) 
where V  is the interface moving velocity defined on the interface Γ . The local interface normal 
n  and curvature can be conveniently calculated as 
φ φ= ∇ ∇n  and ( )κ φ φ= ∇ ⋅ ∇ ∇      (0) 
In order to solve Eq. (3) numerically, the interface moving velocity V  should be explicitly 
defined based on physical laws. Specifically for APT modelling, we first solve the Poisson 
equation 
( )( ) 0rε ϕ∇ ⋅ ∇ =x        (0) 
for the electrical potential field ( )ϕ x , where ( )rε x  is a material dependent relative dielectric 
permittivity. Recently Vurpillot et. al. and Arnoldi et. al. have shown that a strict adherence to 
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simple dielectric models fails to explain some important features of experimental atom probe 
data from bulk oxides or dielectric materials, and suggested residual conductivity due to internal 
or surface defects or photo carrier generation as the cause for this deviation[42, 54]. Inclusion of 
this residual conductivity into our model is deferred for a later publication.  However we believe 
there is value in this relative dielectric permittivity based model, since this can serve as an initial 
model for materials with less resistivity. Based on the evaporation physics [22], the interface 
moving velocity along the normal direction can be defined as 
( )( )0 exp BV a Q F k Tν= −       (0) 
where a is the lattice constant, 0ν  is the vibration frequency, Bk  is the Boltzmann constant and T 
is the temperature. ( )Q F  is the energy barrier with external electric field ϕ= ∇F  that is the 
gradient of the potential field. A linear approximation can be used to describe the dependence of 
Q  on the field vector where 
( ) ( )0 1 01Q Q F F= −F       (0) 
where 
  1 2F n n
ϕ ϕ+ − ∂ ∂
= +  ∂ ∂ 
      (0) 
is the average local electric field along the normal direction, where ( )nϕ +∂ ∂ is the field F on 
the vacuum phase side at the interface and ( )nϕ −∂ ∂ is the value of field F along the normal 
direction on the material side. 0Q  is the energy barrier without any external field and 0F  is the 
material evaporation field strength.. Substitution of Eq. (7) into Eq. (6) leads to the exponential 
evaporation law where, 
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( )( ) ( )( )0 1 0 0 1 0exp 1 exp 1V a F F V F Fν α α= − − = − −   (0) 
Here α  is a dimensionless parameter defined as ( )0 BQ k Tα = , 0 0V aν= is the evaporation rate 
when 1 0F F= . With 1α ≈  and 1 0F F≈ , the exponential evaporation law is reduced to the linear 
evaporation law, 
( )0 1 0V a F Fν=        (0) 
Both exponential (Eq. (9)) and linear (Eq. (10)) evaporation laws are implemented in the current 
level set models. The effect of two different evaporation laws on tip shape evolution is also 
investigated. 
 It is worth mentioning a level set model proposed by Haley et al. for homogeneous tip 
evaporation [52]. By substitution of the approximate electrical field F (Eq. (1)) into the linear 
evaporation law (Eq. (10)), the interface moving velocity can be written as: 
0
0
a UV
kF
ν
κ=         (0) 
where 1 rκ =  is the apparent curvature of the interface. Therefore, the APT problem is reduced 
to the curvature flow problem where V  is proportional to the local curvature. The curvature flow 
problem can be readily solved using a level set algorithm. In the present study, the Poisson 
equation (Eq. (5)) is explicitly solved instead of using the approximate electrical field (Eq. (1)).  
 
Description of Finite Difference and Finite Element Methods 
The simulation of field evaporation through finite difference and finite element methods 
generally follows the pioneering work developed by Vurpillot et al[28], Oberdorfer et. al.[38], 
Haley et al. [32], Gault et al. [55], Larson et al. [36], and Geiser et al. [56], in which the tip is 
discretized into stacks of elemental cells with each cell representing a single atom. Conservation 
11 
 
of electric flux that can be expressed in the differential form as Laplace’s equation ∇ ∙ (𝜖𝜖∇𝜑𝜑) = 0 
is numerically solved within the atom lattices, where 𝜖𝜖 is the dielectric constant, and 𝜑𝜑 is the 
electrical potential that is computed at each point. The electric field on the tip surface can be 
computed as 𝐹𝐹 = −∇𝜑𝜑.  
In order to take into account the complexities introduced by the embedded 
heterogeneities within alloys or composites, a material dependent parameter 𝐹𝐹0 (field evaporation 
strength) has been adopted to evaluate the corresponding probability for field evaporation as  
𝑝𝑝(𝐹𝐹) = |𝐹𝐹| 𝐹𝐹0⁄ . Therefore, the atom with the highest electric field tends to have the highest 
evaporation probability and is determined to be the first field-evaporated specie. The cell that 
represents its atom volume is then explicitly dealt with, for example, converted to a vacuum cell, 
to reflect the incremental tip shape change. Recalculating the electrical field distribution with 
new geometry and repeating above procedures will continue the evaporation. The gradual change 
of the tip morphology can then be simulated. 
 
RESULTS AND DISCUSSION 
 Results of the level set evaporation model were qualitatively compared to the results by using 
other numerical methods. Two sets of comparison were performed for the purpose of 
demonstration. One is to use our in-house developed model to compare with the level set method 
for a simulated tip with embedded spherical precipitate. The other set is to compare the level set 
results with finite difference simulations by Larson et al. [36] on a heterogeneous tip containing 
an interface between regions of high and low evaporation field materials. 
 
Comparison to finite element method  
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FEM simulation is based on the general scheme developed by Oberdorfer et al. [38]. The 
numerical scheme is divided into consecutive stand-alone tasks to exploit the most computational 
efficiency. The calculation of the electric potential field is performed using the commercial FE 
software ABAQUS, where two dimensional 4-node bilinear piezoelectric element CPE4E is 
applied, while the automated data manipulation to resemble the dynamic field evaporation 
process, as well as the post-processing visualization, is realized through the mathematical 
package MATLAB®. The present FEM calculation was used to simulate a planar 2D synthetic 
APT tip for purpose of demonstration. 
Similar to Oberdorfer’s geometry and dimension [38], the sample tip is modelled as a 
hemispherical cup with 25nm radius. A fixed voltage is applied to the tip bottom. A grounded 
counter electrode with hemispherical shape is assumed 25nm away on top of the tip, as shown in 
Figure 1 (a). Note that this is for demonstration and is too short to reflect the actual electrode 
position in real experiment. A precipitate embedded in the matrix is also shown in Figure 1(a). 
The evaporation field strength for precipitate (material B) is assumed to be twice of that of the 
matrix material A. Each FEM element represents about 0.25 nm2 area.   
Figures 1(b)-(e) compares the simulated tip shape at different stages using the FEM and 
level set methods. Figures 1(b) and (c) show tip shapes after 23% material evaporated and Figs. 
1(d) and (e) show tip shapes after 25% material evaporated. These intermediate steps are chosen 
to highlight the effect of non-hemispherical tip shape evolution when the embedded precipitate 
protrudes out of the surface of the APT specimen. Both simulations were carried out on a 
commercial desktop computer with 2.90GHz CPU and 8GB RAM. Both methods capture the 
major feature of high field embedded particles protruding out during field evaporation and are 
qualitatively similar to previous simulated results of precipitate evaporation [37, 38, 57, 58]. On 
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the other side, simulation results from the level set method demonstrate a smooth tip surface, 
compared with the simulation results from FEM. The surface from FEM simulation is obviously 
rougher than that from the level set method due to the staircase representation of the interface. 
To achieve the same resolution of representation for surface, FEM would have to have a much 
smaller mesh that leads to a higher computational expense. Figures 1(f) and (g) illustrate the 
electric potential field contours by FEM and the level set methods. The surface geometry and the 
electrical potential field contours by both methods are very similar to each other. Our 
preliminary comparison found that the level set model has a potential gain of computational 
efficiency as it takes 8 to 10 hours for a computational domain of 120x120=14,400 grids in 
contrast to ~20 hours for the FEM simulation (~15,000 4-node quad elements) to complete the 
same evaporation process. More rigorous studies are needed to quantitatively compare the 
computational efficiency for both methods.  
 
Comparison to finite difference method 
Similar to the specimen geometry used by Larson et. al. [29], three different initial APT 
specimen geometries were considered including two cases with interfaces oriented perpendicular 
to APT specimen axis with (a) a low field material layer A on a high field material layer B; (b) a 
high field material layer B on a low field material A; and a third case (c) a high field material B 
on the side of a low field material A with interface parallel to APT specimen axis. The geometry 
configuration and dimensions are shown in Figure 2(a), (b) and (c).  
Similar to the finite difference method, the material B is considered to have 
approximately 20% higher field strength than that of material A. The entire tip in Figure 2(a) and 
(b) is a circle with a radius of 18.4 nm positioned on a 9.6 nm×36.8 nm rectangle. The geometry 
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in Figure 2(c) has half material A on the left side and half material B on the right side with a 
similar overall tip geometry like Figures 2(a) and (b). The entire simulation domain of (96 
nmx96 nm) for Figure 2 has a grid cell size of 0.8nm. In level set simulation, the material A has a 
lower non-dimensional field strength of 1.0, and materials B has a relatively higher field strength 
of 1.2. A large α leads to the non-uniform evaporation rate along the entire surface. As the 
simulation time step is controlled by the smallest evaporation rate, small time step associated 
with the large α renders some numerical difficulties. Therefore, α=5 in the exponential 
evaporation law (Eq. (9)) is chosen to demonstrate the difference between exponential law and 
linear law where α~1. A large alpha leads to Electrical voltage is applied to the upper and bottom 
boundary to create a potential field with a vertical gradient of 1.0. A Neumann boundary 
condition is applied to the left and right side of the computational domain. 
Figure 3 compares the dynamic tip shape evolution of the specimen in Figure 2(a) 
simulated by the level set method and finite difference method [36] for low field material A on 
top of high field material B. Figures 3(a) and (d) are initial tip shape used in finite difference 
model and level set method, respectively. Figures 3(b) and (c) are two intermediate tip shapes 
corresponding to ~32% and ~38% materials evaporated. Material A in the upper layer has a 
lower evaporation field, or equivalently a higher evaporation rate under the same electric field 
(higher ratio of applied field to materials evaporation field), leading to a fast evaporation on top. 
The same trend is also observed in the later stage during evaporation, as shown in Figures 3(c) 
and (f). Though the current level set model is a planar 2D model in contrast to the true 3D finite 
difference model by Larson, et al., the preliminary comparison of the tip shape evolution 
demonstrates a good qualitative agreement between the level set method and the finite difference 
method.   
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Figure 4 compares the shape evolution of the tip in Fig. 2(b) (high field material B on top 
of low field material A) simulated by the level set method and the finite difference method [36].  
Since the material on top has a relatively larger field strength, the tip shape is much less flat on 
top compared to that observed in Figure 3. In contrast, the tip on the axis exhibits a much sharper 
shape during the evaporation. This is due to the high ratio of the applied field to the material 
evaporation field strength for the lower layer that leads to the fast evaporation for lower layer 
material A. The same trend continues during the evaporation process (Figs. 4(c) and (f)). Again, 
a good qualitative agreement between the level set result and finite difference method is obtained 
for this configuration. 
We have also made a comparison for the third configuration, where the low field material 
A is on the left side (Fig. 2c). Figure 5 presents the comparison of level set method result with 
the finite difference result [36]. Figure 5(b) and (d) are the intermediate tip shapes during the 
evaporation. The initial tip is symmetric, while the evaporated tip is highly asymmetric with 
respect to the central axis with more material A evaporated than material B due to the different 
evaporation rates of materials A and B.  
 
Influence of physical evaporation law on tip shape evolution 
 The evaporation law discussed above plays an important role on the tip shape evolution 
during the evaporation process. Previous calculations have used the exponential evaporation law 
(Eq. (9)) and get good qualitative agreements with other numerical methods. A plot of the 
variation of the evaporation rate with the local electric field according to both exponential law 
(Eq.(9) for α=5) and linear law (Eq.(10)) is presented in Fig. 6. Evaporation rate from linear law 
is lower than that of the exponential law for relatively smaller electric field (F1<F0). Otherwise, 
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the exponential law leads to a higher evaporation rate for F1>F0. Figure 7 compares tip shape 
evolution calculated by the level set method using two different evaporation laws for three 
different configurations in Figs. 2 (a), (b) and (c). Figures in the top row are the evaporated 
shapes using a linear evaporation law while the figures in the bottom row are evaporated shapes 
using an exponential evaporation law. Due to the fact that the evaporation rate from exponential 
law is lower than that of the linear law for F1<F0, materials nearby the vertical edge with smaller 
local electric field along the normal direction is evaporating much slower using the exponential 
law. This gives rise to the different tip shapes from two different evaporation laws. Exponential 
law leads to a sharp and steep vertical edge for all three configurations and resembles the finite 
difference simulations. Further study on the effect of evaporation laws will be carried out, and 
experimental results will be utilized for validation in addition to the numerical study.  
 
CONCLUSIONS 
  In our simulations, a level set model has been applied to understand the dynamic tip 
shape evolution during field evaporation of heterogeneous APT specimens with different 
geometries. The first example is a composite with spherical particle of higher evaporation field 
strength embedded in a matrix material of lower evaporation field strength corresponding to the 
metal nanoparticles supported or embedded in oxides, while the second example represents a 
bilayer composite made of materials with a 20% difference in evaporation field strength, for 
which different orientations of the layers within the APT specimen are considered to understand 
the geometry-dependent specimen shape evolution.  
     Simulation of evaporated shapes using a level set model shows qualitative agreement with 
both the finite element and the finite difference method reported in the literature for both 
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examples. In contrast to the “staircase” surface representation in standard finite difference and/or 
finite element model at the same resolution, the level set model provides a smooth interface 
representation with inherent sub-grid scale accuracy that leads to the potential improvement in 
computational efficiency. Effects of two different evaporation laws, i.e. the exponential law and 
the linear law, on the tip shape evolution were also investigated numerically. The exponential 
law exhibits better agreement with the finite difference results. Further work will focus on the 
reconstruction, iterative methods, more rigorous efficiency improvement and evaporation law 
investigation. Validation with real experimental data is also in progress.  
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Figure Captions 
 
Figure 1. Comparison of the tip shape evolution during evaporation simulated from FEM and 
level set methods. (a) is the initial geometry of the tip with an embedded precipitate. Figures (b) 
and (d) are simulated tip using FEM when 23% and 25% material evaporated, respectively. 
Figures (c) and (e) are the corresponding simulated tip using level set method. Figures (f) and (g) 
show the electrical potential field from (f) FEM and (g) level set method at 23% material 
evaporated, respectively. 
 
Figure 2. Geometry configurations of the simulation model. Three tips with different 
configurations are simulated: (a) layered structure material A (low evaporation field strength) on 
material B (high evaporation field strength), (b) material B on material A, and (c) side-by-side 
structure  (dimension in nm). 
 
Figure 3. Shape evolution of the simulated layer structured tip (Fig 2(a)) with low evaporation 
field strength material A on top of high evaporation field strength material B. (a)-(c) are 
simulated by the finite difference method (Larson, et al., 2012a). (d)-(f) are simulated by the 
level set method. The dash lines in (a)-(c) and the solid lines in (d)-(f) indicate the interface 
between material A and B. 
 
Figure 4. Shape evolution ion of the simulated layer structured tip (Fig. 2(b)) with high 
evaporation field strength material B on top of low evaporation field strength material A. (a)-(c) 
are simulated by the finite difference method (Larson, et al., 2012a). (d)-(f) are simulated by the 
level set method. The dash lines in (a)-(c) and the solid lines in (d)-(f) indicate the interface 
between materials A and B. 
 
Figure 5. Shape evolution of the simulated side-by-side structured tip (Fig 2(c)) with low 
evaporation field strength material A on left of high evaporation field strength material B. (a)-(b) 
are simulated by the finite difference method (Larson, et al., 2012a). (c)-(d) are simulated by the 
level set method. The solid lines in (c)-(d) indicate the interface between materials A and B. 
 
Figure 6. Variation of evaporation rates with normalized electrical field for linear (Eq.(9)) and 
exponential (Eq.(10)) evaporation laws 
 
Figure 7. Tip shape evolution with different geometric configurations using a linear (upper row 
a-c) and an exponential (Lower row d-f) evaporation law by the level set method. (a)(d) for low 
filed material A on high field material B in Fig 2(a); (b)(e) for high field material B on low field 
material A in Fig 2(b); (c)(f) for low field material A on the left side of high field material B in 
Fig. 2(c). Thick solid lines indicate the position of interface between materials A and B. 
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Figure 2. Geometry configurations of the simulation model. Three tips with different 
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                  (d)                                                        (e)                                                     (f) 
 
Figure 3. Shape evolution of the simulated layer structured tip (Fig 2(a)) with low evaporation 
field strength material A on top of high evaporation field strength material B. (a)-(c) are 
simulated by the finite difference method [36]. (d)-(f) are simulated by the level set method. The 
dash lines in (a)-(c) and the solid lines in (d)-(f) indicate the interface between material A and B. 
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Figure 4. Shape evolution ion of the simulated layer structured tip (Fig. 2(b)) with high 
evaporation field strength material B on top of low evaporation field strength material A. (a)-(c) 
are simulated by the finite difference method [36]. (d)-(f) are simulated by the level set method. 
The dash lines in (a)-(c) and the solid lines in (d)-(f) indicate the interface between materials A 
and B. 
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Figure 5. Shape evolution of the simulated side-by-side structured tip (Fig 2(c)) with low 
evaporation field strength material A on left of high evaporation field strength material B. (a)-(b) 
are simulated by the finite difference method [36]. (c)-(d) are simulated by the level set method. 
The solid lines in (c)-(d) indicate the interface between materials A and B. 
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Figure 6. Variation of evaporation rates with normalized electrical field for linear and 
exponential evaporation laws 
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Figure 7. Tip shape evolution with different geometric configurations using a linear (upper row 
a-c) and an exponential (Lower row d-f) evaporation law by the level set method. (a)(d) for low 
filed material A on high field material B in Fig 2(a); (b)(e) for high field material B on low field 
material A in Fig 2(b); (c)(f) for low field material A on the left side of high field material B in 
Fig. 2(c). Thick solid lines indicate the position of interface between materials A and B. 
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